The ponderomotive force is derived for a relativistic charged particle entering an electromagnetic standing wave with a general three-dimensional field distribution and a nonrelativistic intensity, using a perturbation expansion method. It is shown that the well-known ponderomotive gradient force expression does not hold for this situation. The modified expression is still of simple gradient form, but contains additional polarization-dependent terms. These terms arise because the relativistic translational velocity induces a quiver motion in the direction of the magnetic force, which is the direction of large field gradients. Oscillation of the Lorentz factor effectively doubles this magnetic contribution. The derived ponderomotive force generalizes the polarization-dependent electron motion in a standing wave obtained earlier [A. E. Kaplan and A. L. Pokrovsky, Phys. Rev. Lett. 95, p. 053601, 2005]. Comparison with simulations in the case of a realistic, non-idealized, three-dimensional field configuration confirms the general validity of the analytical results.
INTRODUCTION
The ponderomotive force is a time-averaged force experienced by a charged particle in an oscillating electromagnetic (EM) field that is spatially inhomogeneous. In the standard perturbative approach, 1, 2 it is shown that a charged particle in an oscillating EM field attains an oscillatory quiver momentum superimposed on a slowly varying guiding center momentum p. The latter is subject to the classical ponderomotive force F p : dp dt
where m is the mass of the particle, e its charge, 0 the permittivity, ω the frequency of the EM field and I(x) the position-dependent field intensity. The classical ponderomotive force is of gradient form, and always directed toward regions of low field intensity. The ponderomotive force is observed and exploited in a wide range of contexts. In laser-plasma physics, the ponderomotive force drives the formation of laser wakefields that are used for next generation electron accelerators. [3] [4] [5] [6] Ion beams are produced by intense laser irradiation of thin foils, in which the ponderomotive force plays an essential role. 7, 8 Schemes have been proposed for ponderomotive laser-vacuum acceleration of electrons. 9, 10 In electron beam diagnostics, the length of electron bunches is measured by sequentially scattering different sections of the bunch using the ponderomotive force of a laser pulse.
11, 12
The field gradients that can be obtained in a single laser pulse are set by the laser pulse duration longitudinally and the focal spot transversely. For many applications of the ponderomotive force this means that, in order to obtain a sufficiently strong force, field intensities are required that are large enough to cause a relativistic quiver motion (which happens if the normalized amplitude of the vector potential, a ≡ eA/mc = e 2I/( 0 c)/(mcω) 1, i.e. I 2 · 10 18 W/cm 2 for a wavelength of 800 nm). Relativistic field intensities necessitate more complicated descriptions of the average EM force, [13] [14] [15] or at least restrict the domain of validity of Eq. (1). 16, 17 An intermediate situation occurs when an already relativistic particle enters an EM field with nonrelativistic intensity. A relativistic derivation 18 shows that this introduces an additional factor 1 + p 2 /(mc) 2 + a 2 /2 in the denominator of Eq. (1), resulting in an accurate description for practical situations.
An alternative to the application of a relativistic laser pulse is the use of a standing wave. In this configuration the nodes and antinodes are spaced on the scale of the wavelength, resulting in large field gradients. For example, a standing wave produced by two counterpropagating EM waves with wavelength λ = 800 nm and a very modest, nonrelativistic peak field intensity of 10 15 W/cm 2 , already causes ponderomotive forces of the order of F p /e ∼ 1 GV/m. For this reason, a number of applications of the ponderomotive force have been proposed that take advantage of the large field gradients in a standing EM wave. Hebeisen et al. 20 suggested a table-top standing wave version of the bunch length measurement setup mentioned previously. Following an earlier idea, 21 Balcou
22
proposed a novel X-ray free electron laser based on the wiggling of electrons in the ponderomotive potential of a standing wave. Faure et al. 23 used a standing wave formed by colliding laser pulses to pre-accelerate electrons ponderomotively in a laser-wakefield setup, demonstrating that the production of monoenergetic electron beams can be made stable and reproducible in that way. [24] [25] [26] Baum and Zewail 27 proposed to create attosecond electron pulse trains by bunching of an electron beam due to a co-moving ponderomotive beat potential between laser pulses of different frequencies. In view of all these important technological applications, a thorough understanding of the ponderomotive force in a standing wave is essential. The scattering of charged particles by a standing EM wave was first described in a quantum-mechanical context by Kapitza and Dirac, 28 and since then many papers have appeared on this subject. [29] [30] [31] [32] [33] Nevertheless, there are only few classical electrodynamical studies on the standing wave ponderomotive force. [34] [35] [36] [37] Most publications on the ponderomotive force have concentrated on propagating EM waves, establishing the validity of Eq. (1) in that context. 1, 2, 18 Eq. (1) is also applied to the standing wave configuration, implicitly assuming that it remains valid in that case as well. In 2005, however, Kaplan and Pokrovsky 38, 39 calculated the time-averaged equation of motion of an electron in a standing wave for a number of field polarizations, and their results showed that the ponderomotive force depends on the polarization. Most notably, the ponderomotive force can even change its direction toward high field regions for certain situations. Clearly, these results are in conflict with the polarization-independent Eq. (1) that is commonly used. Kaplan and Pokrovsky did not provide an alternative expression for the ponderomotive force, however.
We would now first like to show, on the basis of simple arguments, that it can be understood that the ponderomotive force in a standing wave is polarization-dependent. Consider Fig. 1 , showing a particle with charge q and initial velocity v 0 parallel to the x-axis, incident on a standing wave with electric field E and magnetic field B. The wave is oriented with its nodal planes parallel to the (x, y)-plane, so that the spatial variation of the field is much more rapid in the z-direction than in the transverse direction. This is the typical system considered in this paper. When the particle enters the EM field, it will start to quiver in the polarization direction in response to the oscillating electric force qE. This 'electric quiver', combined with the Lorentz force equation, leads to the well-known average force, Eq. (1), independent of the polarization direction. However, the incident particle will also quiver in response to the magnetic force ≈ q(v 0 × B). This 'magnetic quiver' can be comparable in magnitude to the electric quiver for relativistic particles. Because the magnetic quiver is in the z-direction, the particle samples a large field gradient, leading to an additional contribution to the ponderomotive force that is comparable to the electric one. And since the magnetic force and hence the amplitude of the magnetic quiver depend on the angle between v 0 and B, the magnetic contribution is dependent on the polarization direction.
In this paper, the ponderomotive force is given for a relativistic particle entering a nonrelativistic standing wave with a general three-dimensional field distribution. It is shown that indeed Eq. (1), or the relativistic equivalent, does not hold for this situation. This may have important implications for experiments and proposals based on the standing wave ponderomotive force. The modified ponderomotive force is still of simple gradient form, but contains additional polarization-dependent terms. We identify the polarization-dependent contribution due to the magnetic quiver. An additional relativistic effect effectively doubles this magnetic contribution. We thus generalize the results of Kaplan and Pokrovsky, which follow naturally from our ponderomotive force expression.
THE POLARIZATION-DEPENDENT PONDEROMOTIVE FORCE
Consider a standing EM wave produced by two counterpropagating laser beams along the z-axis. Several small quantities may be identified. Relevant to the analysis below is that the standing wave has a finite transverse extent, leading to a small but nonzero transverse field gradient and longitudinal field component. In terms of the vector potential in the Coulomb gauge, ∇ ⊥ A i (i = x, y, z) and A z are nonzero, and the magnitudes of these quantities are related by
where 1 is a small parameter.
We consider again the situation of Fig. 1 , in which a charged particle enters the standing wave with initial velocity β 0 c. Several distinct time scales are involved in the dynamics of the particle. First, there is the time scale of the quiver motion, which is the optical time scale ω −1 . Second, there is the time scale on which the motion of the guiding center changes. Substitution of an ideal standing wave A = A 0 e x cos kz sin ωt in Eq. (1) and integrating yields oscillatory motion in the z-direction, with a typical frequency Ω = eA 0 ω/( √ 2mc). Thus the guiding center motion in the z-direction changes on a second, longer time scale (aω) −1 . Finally, in a realistic standing wave, the nonzero transverse field gradient causes transverse ponderomotive forces, which in view of Eqs. (1) and (2) are weaker than the longitudinal ponderomotive forces by a factor . Therefore the transverse guiding center motion changes on a third, still longer time scale ( aω) −1 .
Since we assume 1, the optical time scale is well-separated from the longer time scales, and a multiple scale analysis of the problem is possible. 40 This involves writing the momentum and position of the particle as the sum of a 'fast' quiver part that varies on the optical time scale and a 'slow' guiding center part that varies on the longer time scales, and expanding these parts in perturbation series in terms of . Substituting these series in the equation of motion of the charge, equating terms of like order and solving the resulting system of equations, one obtains the cycle-averaged rate of change of the momentum dp/dt. Omitting the details, the result to lowest order in reduces to a single gradient:
where
. This is the polarization-dependent ponderomotive force in a standing wave. In the process of calculation, we assumed a nonrelativistic field intensity a 1 and small longitudinal initial velocity β 0z
1.
In the limit β 0⊥ → 0, Eq. (3) reduces to the well-known polarization-independent ponderomotive force, Eq. (1), with the relativistic factor γ 0 ≈ 1 + p 2 /(mc) 2 + a 2 /2 included in the denominator. For β 0⊥ = 0, however, the two polarization-dependent terms of Eq. (3) become significant. The term in Eq. (3) proportional to ∂ β 0⊥ · A ⊥ /∂(kz) 2 originates from the magnetic quiver motion discussed in the Introduction. It accounts for the fact that the z-position oscillates in phase with the temporal oscillation of the field. Therefore, when a field gradient in the z-direction is present, the particle systematically samples higher fields at selected phases of the electric quiver motion in the direction of A ⊥ , and lower fields at other phases. The induced nonzero average force is negligible in most applications of the ponderomotive force. But in a standing wave the derivative in ∂ 2 /∂(kz) 2 is of order unity, so that this term is comparable to the other terms in Eq. (3). The term in Eq. (3) proportional to β 0⊥ · A ⊥ 2 takes into account that the relativistic mass γm of the particle oscillates around the value γ 0 m in phase with the oscillation of the field. Therefore, during its primary quiver motion in the direction of A ⊥ , the particle is systematically heavier at selected phases of the quiver motion, and lighter at other phases, leading to a nonzero effective force when a field gradient is present.
THE FORCE COMPONENT ALONG THE WAVE AXIS
The last term of the z-component of Eq. (3) may be rewritten by performing the z-differentiations and assuming a quasi-monochromatic wave so that ∂ 2 /∂(kz) 2 ≈ −1, after which Eq. (3) becomes dp
Eq. (4) 
COMPARISON WITH SIMULATIONS
We have tested Eq. (3) against numerical simulations of electron trajectories in a realistic, non-idealized standing wave field, using the GPT simulation code. 41 We considered again the configuration shown in Fig. 1 , this time with two identical Gaussian laser beams in the fundamental mode that counterpropagate along the z-axis, are polarized in the x-direction, and are focused in a common waist at z = 0. The beams were assumed to be pulsed with a Gaussian pulse shape, and timed such that the centers of the pulses coincided at z = 0 at time t = 0. This configuration yields a standing wave around the origin with a lifetime roughly equal to the laser pulse length. The trajectory was calculated of an electron entering with initial velocity β 0 = β 0 e x . The initial position was chosen such that the electron crossed the laser axis near t = 0, thereby letting the electron overlap in space and time with the standing wave, have interaction with it for some time, and leave the interaction region in a deflected direction. Figure 2 shows the calculated trajectories for three different initial velocities. Since the polarization of the standing wave is parallel to the initial velocity, the polarization-dependent terms of Eq. (3) are significant. Because of this, in Fig. 2(a) the actual magnitude of the ponderomotive force is smaller than is predicted by the classical force expression, in Fig. 2(b) the ponderomotive force vanishes, and in Fig. 2(c) it even changes direction toward the high-intensity region. In all of these cases, the resulting trajectories are excellently predicted by Eq. (3). Figure 2 demonstrates the relativistic sign reversal of the ponderomotive force described in Ref. 39 . Meanwhile, Eq. (1) is insensitive to the polarization direction, so that the trajectories (dashed lines) are incorrectly predicted. 
CONCLUSION
The classical polarization-independent ponderomotive force expression is commonly used to describe the timeaveraged motion of a charged particle in an inhomogeneous oscillating EM field. It is generally assumed that this is an accurate description, at least for nonrelativistic field intensities. However, we have shown that this is not always true. If the field configuration possesses a direction in which the field changes on the scale of the wavelength, i.e. in a standing wave, and in addition the charged particle is relativistic, the ponderomotive force is modified. In particular, it becomes dependent on the polarization of the field. Because of this, the ponderomotive force may even vanish, or change its direction toward high field regions, as was found earlier by Kaplan and Pokrovsky. 38 We have derived the modified ponderomotive force expression for these configurations, which is of gradient form like the classical expression. Comparison with simulations in the case of a realistic, non-idealized, three-dimensional field configuration confirmed the general validity of the analytical results.
The modifications of the ponderomotive force derived in this paper may have important implications for applications that involve the ponderomotive interaction of relativistic charged particles and standing EM waves. For example, in the electron bunch length measurement based on ponderomotive scattering of the electrons by a standing wave, 20 the polarization of the wave is essential for an optimal design of the experimental setup. In the proposed X-ray free electron laser relying on the wiggling motion of electrons induced by the ponderomotive force in a standing wave, 22 the frequency of wiggling and hence that of the stimulated radiation directly depend on the polarization. Experimental tests involving the controlled scattering of electrons by a standing wave have confirmed the classical ponderomotive force expression 29 and Kapitza-Dirac diffraction 30 using nonrelativistic electrons. It would be very interesting to extend these experiments to relativistic electrons to test the polarization-dependent ponderomotive force, Eq. (3), in the classical limit, and to study the polarizationdependence of Kapitza-Dirac diffraction.
